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Abstract
The article is a natural continuation of the papers by Gavrilov and Gitman
(Class.Quant.Grav. 17 (2000) L133; Int. J. Mod. Phys. A15 (2000) 4499)
devoted to relativistic particle quantization. Here we generalize the problem,
considering the quantization of a spinning particle in arbitrary gravitational
background. The nontriviality of such a generalization is related to the necces-
sity of solving complicated ordering problems. Similar to the flat space-time
case, we show in the course of the canonical quantization how a consistent
relativistic quantum mechanics of spinning particle in gravitational and elec-
tromagnetic backgrounds can be constructed.
I. INTRODUCTION
The problem of quantizing the classical (pseudoclassical) models of relativistic particles
was discussed in numerous articles [1,2]. In our last publications [3], we presented a new
solution of this problem, which shows how a consistent relativistic quantum mechanics can
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be obtained in the course of the canonical quantization of relativistic particle models. We
stress that the new construction gives a solution to the old problem of how to construct
a consistent quantum mechanics on the base of a relativistic wave equation. The quanti-
zation was performed for a spinless particle in arbitrary electromagnetic and gravitational
backgrounds, as well as for a spinning particle, but only in an external electromagnetic back-
ground. The case of the spinning particle in curved space-time was not considered in the
above publications. In the present article we discuss in detail the canonical quantization of
spinning particle moving in arbitrary electromagnetic and gravitational backgrounds in 3+1
dimensions. Here we meet both technical and conceptual problems, in particular the order-
ing problem. It is enough to mention that quantization in the even simpler corresponding
nonrelativistic particle case is an open problem. It attracts attention up to the present and
several points of view have been brought up on its solution [4]. The relativistic case, which
naturally absorbs all known difficulties of its nonrelativistic analog, is essentially richer and
more complicated due to its gauge nature.
II. PSEUDOCLASSICAL MODEL OF A SPINNING PARTICLE IN CURVED
SPACE-TIME
A pseudoclassical action of a spin one-half relativistic particle in 3 + 1 dimensions, with
spinning degrees of freedom describing by anticommuting (Grassmann) variables, was dis-
cussed in [1,2]. In flat space-time (gab = ηab = diag(1,−1,−1,−1), a, b = 0, 1, 2, 3, Latin
letters from the beginning of the alphabet are used for the Lorentz indices), and in the pres-
ence of an external electromagnetic field Aa (x) , the action can be written in the following
Lorentz invariant form:
S =
∫ 1
0
Ldτ , L = −ηab
2e
(x˙a − iξaχ) (x˙b − iξbχ)− e
2
m2 − qx˙aAa (x)
+ iqeFab (x) ξ
aξb − iξaξ˙a + iξ4ξ˙4 + imξ4χ , (1)
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where the coordinates xa of the particle and the variable e are Grassmann-even; the Lorentz
vector ξa, the (pseudo) scalar ξ4 , and the scalar χ are Grassmann-odd. All the variables de-
pend on the parameter τ ∈ [0, 1], which plays here the role of time. Dots above the variables
denote their derivatives with respect to τ . There are two types of gauge transformations
under which the action (1) is invariant: the reparametrizations and the supertransformations
δxa = x˙aε , δe = d (eε) /dτ, δξa = ξ˙aε , δξ4 = ξ˙4ε , δχ = d (χε) /dτ ;
δxa = iξaǫ , δe = iχǫ , δχ = ǫ˙ , δξa = (x˙a − iξaχ) ǫ/2e , δξ4 = −mǫ/2 , (2)
where ε(τ) and ǫ(τ) are τ -dependent gauge parameters, the first one is even and the second
one is odd.
We generalize the action (1) to the curved space-time case (without torsion1) with a
metric tensor gµν (x) as follows
2:
S =
∫ 1
0
Ldτ , L = −gµν (x)
2e
[x˙µ − iξµ (x)χ] [x˙ν − iξν (x)χ]− e
2
m2 − qx˙µAµ (x)
+ iqeFµν (x) ξ
µ (x) ξν (x)− iξµ (x)Dτξµ (x) + iξ4ξ˙4 + imξ4χ. (3)
Here ξµ(x) = eµa(x)ξ
a are world vectors (Greek letters are used for the world indices, e.g.
µ = 0, 1, 2, 3), and ξa are Lorentz vectors, where eµa(x) is the vierbein field [5], and Dτ is the
covariant derivative with respect to τ,
Dτξ
µ (x) = ξµ;σ (x) x˙
σ + eµa(x)ξ˙
a, Dτξ
a = ξ˙a + ξbω
ba
ν (x) x˙
ν = eaµ(x)Dτξ
µ (x) ,
eaµ(x)eaν(x) = gµν (x) , e
µ
a(x)ebµ(x) = ηab, ξ
µ
;σ (x) = ∂σξ
µ (x) + Γµνσ (x) ξ
ν (x) . (4)
Here ωabν (x) =
[
∂νe
aλ(x) + eaσ(x)Γλσν(x)
]
ebλ(x) are spin connections for the torsion-free
case, ωabν = −ωbaν , and Γµνσ is the affine connection. This action (3) is invariant under
general coordinate transformations and is invariant under the gauge transformations
1Introduction of the interaction with a torsion field in the model was discussed in [6]
2A different (nonsupersymmetric) form of the spinning particle action in curved space time was
considered in [7]. That action follows from (3) in a special gauge.
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δxµ = x˙µε , δe = d (eε) /dτ , δξa = ξ˙aε , δξ4 = ξ˙4ε , δχ = d (χε) /dτ ;
δxµ = iξµǫ, δe = iχǫ, δχ = ǫ˙ , δξµ = (x˙µ − iξµχ) ǫ/2e, δξ4 = −mǫ/2, (5)
For the purpose of quantization, we select a reference frame which admits a time syn-
chronization over all space. Such a reference frame corresponds to a special gauge g0i = 0 for
which g00 = g−100 , g
ikgkj = δ
i
j . Such a reference frame always exists for any real space-time.
Besides, we choose a special gauge for the vierbein, ea0(x) = δ
a
0
√
g00(x), e
0
i (x) = 0. Then,
ωa¯00 = 0, ξa¯ξ
kωa¯0k = 0. In our index conventions, barred Latin letters from the beginning of
the alphabet denote spatial Minkowski vectors, a = (0, a¯), a¯ = 1, 2, 3; Latin letters from the
middle of the alphabet represent spatial world vectors, so that µ = (0, i), i = 1, 2, 3.
III. HAMILTONIAN STRUCTURE OF THE THEORY
The expressions for the canonical momenta have the form
pµ =
∂L
∂x˙µ
= −e−1gµν (x˙ν − iξνχ)− qAµ − iξaξbωbaµ , Pe =
∂L
∂e˙
= 0 ,
πa =
∂rL
∂ξ˙a
= −iξa , π4 = −∂rL
∂ξ˙4
= −iξ4 , Pχ = ∂rL
∂χ˙
= 0 . (6)
They imply the following primary constraints φ
(1)
B = 0, B = 1, 2, (3, n), n = 0, 1, 2, 3, 4 .
φ
(1)
1 = Pχ , φ
(1)
2 = Pe , φ
(1)
3,n = πn + iξn . (7)
The total Hamiltonian [8] has the form H(1) = H + λBφ
(1)
B , where
H = −e
2
[
(pµ + qAµ + iξaξbω
ba
µ )g
µν(pν + qAν + iξcξdω
dc
ν )−m2 + 2iqFµνξµξν
]
+i
[
(pµ + qAµ + iξaξbω
ba
µ )ξ
µ −mξ4
]
χ . (8)
Using the consistency conditions φ˙(1) = 0 for the primary constraints, we find the secondary
constraints φ(2) = 0,
φ
(2)
1 = (pµ + qAµ + iξaξbω
ba
µ )ξ
µ +mξ4 ,
φ
(2)
2 = (pµ + qAµ + iξaξbω
ba
µ )g
µν(pν + qAν + iξcξdω
dc
ν )−m2 + 2iqFµνξµξν , (9)
4
and determine the λ’s, which correspond to the primary constraints φ
(1)
3,n. No more sec-
ondary constraints arise from the consistency conditions, and the λ’s that correspond to
the constraints φ
(1)
1 , φ
(1)
2 remain undetermined. The Hamiltonian H is proportional to the
constraints, H = − e
2
φ
(2)
2 + iφ
(2)
1 χ .
It is convenient to replace the initial set of constraints φ(1), φ(2) by an equivalent one,
which we define below. To this end we define the principal value of the square root of
an expression containing Grassmann variables as the one which is positive whenever all
generating elements of the Grassmann algebra are set to zero. Suppose r,
r =
√
g00[m2 − (pk +Ak) gkl (pl +Al) + 2qFµνξµπν ], Aµ = qAµ − πaξbωbaµ ,
(10)
is such a principal value of the expression indicated. Then we introduce a set of constraints
φ(1), T , equivalent to φ(1), φ(2), where
T1 =
(
pµ + qAµ + iξaξbω
ba
µ
)
(πµ − iξµ)−m (π4 − iξ4) + 2iξa (πb + iξb)ωbaµ ξµ ,
T2 = p0 +A0 + ζr, ζ = ±1 . (11)
To check that, it is useful to take into account the following relation
φ
(2)
2 = (−2ζr + T2)g00T2 −
i
2
φ
(1)
3,a
{
φ
(1)
3,bη
ba, φ
(2)
2
}
− i
2
φ
(1)
3,a2iξbω
ba
µ g
µν i
2
φ
(1)
3,c2iξdω
dc
ν .
In fact the constraint T2 = 0 is a linearized analog of the quadratic primary constraint
φ
(2)
2 = 0 (compare with the flat space-time case [3]). We can regard the discrete variable
ζ = ±1 as the sign of the Grassmann valued quantity p0 +A0 ,
ζ = −sign [p0 +A0] , (12)
is an analog of the charge sign variable, well known in the flat-space case [3] and especially
important for all further constructions. One can easily see from the equations (6) that,
similar to scalar particle case, sign(x˙0) = ζ.
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The new set of constraints φ(1), T is explicitly divided in a subset of the first-class con-
straints φ
(1)
1 , φ
(1)
2 , T , and in a subset of second-class constraints φ
(1)
3,n . Indeed,
{
φ(1)
κ
, φ(1)
}
=
{
φ(1)
κ
, T
}
=
{
T, φ
(1)
3,n
}∣∣∣
φ=T=0
= {T, T}|φ=T=0 = 0 , κ = 1, 2 .
(13)
Similar to the flat space-time case we impose first two gauge conditions φG = 0,
φG1 = π
0 − iξ0 − ζ (π4 − iξ4) , φG2 = x0 − ζτ . (14)
¿From the consistency conditions φ˙G1,2 = 0, we find two additional constraints
φG3 = χ+ 2ζα∆
−1 = 0 , φG4 = e− g00ω˜−1
[
1− α∆−1 (πa − iξa) e0a
]
= 0, (15)
where
α =
iζg00
r + ω˜
[
2 (πb¯ − iξb¯)ωb¯0k gkl
(
pl + A˜l
)
− 2qFkµeµ0
(
πk − iξk)] ,
∆ = 2 [ζ(ω˜0 +m)] , A˜µ = qAµ − πa¯ξb¯ωb¯a¯µ , ω˜ = r|pi0=p¯i0, ξ0=ip¯i0 =
√
g00 (ω˜20 + ρ˜) ,
ω˜0 =
√[
m2 −
(
pk + A˜k
)
gkl
(
pl + A˜l
)
+ 2qFklξkπl
]
,
ρ˜ = 2
[
qFkµe
µ
0
(
ξk + iπk
)
π¯0 + π¯0 (ξb¯ + iπb¯)ω
b¯0
k g
kl
(
pl + A˜l
)]
,
π¯0 = ∆
−1
[(
pl + A˜l
) (
πl − iξl)+ 2iξa¯ (πb¯ + iξb¯)ωb¯a¯j ξj] . (16)
Then, from the consistency conditions φ˙G3,4 = 0 we can find λ
1,2 . All the constraints(
φ(1), T, φG
)
are already of second-class. As in flat-space case we pass from these constraints
to an equivalent set of second-class constraints Φa, a = 1, 2, ..., 13,
Φ1 = t1T1 + t2T2 + f1φ
G
1 + f0φ
(1)
3,0 + fa¯0φ
(1)
3,a¯φ
(1)
3,0 = p0 + A˜0 + ζω˜ , Φ2 = φG2 , Φ3 = φ(1)3,1 ,
Φ4 = φ
(1)
3,2 , Φ5 = φ
(1)
3,3 , Φ6 = T1 + bT2 + cφ
G
2 , Φ7 = φ
G
1 , Φ8 = φ
G
3 + dφ
G
2 + vφ
G
1 + u φ
(1)
2 ,
Φ9 = φ
(1)
1 , Φ10 = φ
G
4 + wφ
G
2 + zΦ7 + sΦ6 , Φ11 = φ
(1)
2 , Φ12 = φ
(1)
3,0, Φ13 = φ
(1)
3,4 , (17)
where
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t1 = −α∆−1, t2 = 1 + α∆−1 (πa − iξa) e0a, f1 = ζmα∆−1, f0 = αζ
(
rg
−1/2
00 +m
)
,
fa¯0 = α∆
−1ξb¯ω
b¯a¯
0 g
−1/2
00 , b = −
{
φG2 , T1
}
{φG2 , T2}
, c = −{T1 + bT2,Φ1}{φG2 ,Φ1}
, u = −
{
φG3 + vφ
G
1 , φ
G
4
}{
φ
(1)
2 , φ
G
4
} ,
v = −
{
φG3 ,Φ6
}
{Φ7,Φ6} , d = −
{
φG3 ,Φ1
}
{φG2 ,Φ1}
, w = −
{
φG4 ,Φ1
}
{φG2 ,Φ1}
, z = −
{
φG4 ,Φ6
}
{Φ7,Φ6} , s = −
{
φG4 ,Φ7
}
{Φ6,Φ7} .
The matrix {Φa,Φb} has now a simple quasi-diagonal form with the following nonzero ele-
ments
{Φ2,Φ1} = −{Φ1,Φ2} = 1 , {Φ3,Φ3} = {Φ4,Φ4} = {Φ5,Φ5} = −2i ,
{Φ6,Φ7} = {Φ7,Φ6} = 2i
[
ζ(ω˜0 +m) + ξb¯ω
b¯0
j
(
πj − iξj)] , {Φ8,Φ9} = {Φ9,Φ8} = 1,
{Φ10,Φ11} = −{Φ11,Φ10} = 1 , {Φ12,Φ12} = −{Φ13,Φ13} = 2i . (18)
We call the variables η =
(
xk, pk, ζ, ξ
a¯, πa¯
)
the independent variables, since the remaining
variables can be expressed via the independent ones by means of the constraints. Similar
to the flat space-time case, we can prove that the Hamilton equations of motion and the
corresponding constraints for the independent variables have the form
η˙ = {η,Heff}D(U) , U = φ(1)3,k = 0 , k = 1, 2, 3 . (19)
The effective Hamiltonian Heff reads:
Heff =
[
ζA0 + ω
]
x0=ζτ
, Aµ = qAµ + iξa¯ξb¯ωb¯a¯µ , ω = ω˜|pia¯=−iξa¯ =
√
g00 (ω20 + ρ) ,
ω0 =
√[
m2 − (pk +Ak) gkl (pl +Al)− 2iqFklξkξl] ,
ρ = 4
[
qFkµe
µ
0ξ
kπ¯0 + π¯0ξb¯ω
b¯0
k g
kl
(
pl +Al
)]
, π¯0 = −iξk
(
pk +Ak
)
[ζ(ω0 +m)]
−1 , (20)
and the only nonzero Dirac brackets between the independent variables are
{
xk, pl
}
D(U)
=
{
xk, pl
}
= δkl ,
{
ξa¯, ξ b¯
}
D(U)
=
i
2
ηa¯b¯ . (21)
IV. QUANTIZATION
Equal time commutation relations for the operators Xˆk, Pˆk, ζˆ, Ξˆ
a¯, which correspond to
the variables xk, pk, ζ,,ξ
a¯, are defined according to their Dirac brackets. Thus, the nonzero
7
commutators (anticommutators) are
[Xˆk, Pˆj] = i~δ
k
j , [Ξˆ
a¯, Ξˆb¯]+ = −~
2
ηa¯b¯ , k, j = 1, 2, 3; a¯, b¯ = 1, 2, 3 . (22)
We assume ζˆ2 = 1 (see [3]), and realize the operator algebra in the state space R whose
elements Ψ ∈ R are x-dependent eight-component columns Ψ = (Ψ+1(x),Ψ−1(x)) , where
Ψζ(x), ζ = ±1 are four component columns. The inner product in R is defined as follows:
(Ψ,Ψ′) =
(
Ψ+1,Ψ
′
+1
)
D
+
(
Ψ′−1,Ψ−1
)
D
. (23)
For the inner product between the four component columns we select the following equivalent
expressions,
(Ψ,Ψ′)D =
∫
Ψ†(x)Ψ(x)g
−1/2
00
√−gdx =
∫
Ψ(x)e0a(x)γ
aΨ(x)
√−gdx
=
∫
Ψ(x)γµ(x)Ψ(x)dσµ , Ψ(x) = Ψ
†(x)γ0, γµ(x) = eµa(x)γ
a, g = det ||gµν || . (24)
To obey the above operator algebra in the space R, we can chose the following realization3:
Xˆk = xkI , Pˆk = pˆkI , pˆk = −i~∂k ,
Ξˆa¯ = bdiag (ξˆa¯, ξˆa¯) , ξˆa¯ =
i
2
~
1/2γa¯ , ζˆ = bdiag (I, −I) , (25)
where I is 8 × 8 unit matrix, I is 4 × 4 unit matrix, and γa¯, a¯ = 1, 2, 3, are three usual γ
-matrices in (3 + 1)−dimensions,
[
γa¯, γ b¯
]
+
= 2ηa¯b¯ . One can easily see that such defined
operators are Hermitian with respect to the inner product (24).
The quantum Hamiltonian Hˆτ that defines the τ -evolution of state vectors of the system
has to be constructed as a quantum operator in the spaceR on the base of the correspondence
3Here and in what follows we use the following notations
bdiag (A, B) =
 A 0
0 B
 ,
where A and B are some matrices.
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principle starting with its classical image, which is Heff given by Eq. (20). There exist
many quantum operators, which have the same classical image. That corresponds to the
well-known ambiguity of the general quantization. We construct Hˆτ as follows:
Hˆτ = ζˆÂ0 + Ωˆ , Â0 = qAˆ0 + iΞˆa¯Ξˆb¯ωˆb¯a¯0 , Aˆ0 = bdiag
(
A0|x0=τ I, A0|x0=−τ I
)
,
ωˆb¯a¯0 = bdiag
(
ωb¯a¯0
∣∣∣
x0=τ
I, ωb¯a¯0
∣∣∣
x0=−τ
I
)
, Ωˆ = bdiag
(
ωˆ|x0=τ , − ωˆ|x0=−τ
)
,
ωˆ = ea0γa
[
m+ γk(x)
(
pˆk + qAk − i~
4
γa¯γb¯ω
b¯a¯
k
)]
. (26)
where we have used the Dirac matrix γ0, (γ0)
2
= 1, [γ0, γa¯]+ = 0. (One ought to remark that
we can write ea0γa =
√
g00γ0). The first term in the expression (26) is a natural quantum
image of the classical quantity ζA0
∣∣
x0=ζτ
. The term Ωˆ is a possible quantum image of
the classical quantity ω|
x0=ζτ
. In fact, we have to justify the following symbolic relation
limclassical Ωˆ = ω|
x0=ζτ
. To be more rigorous, one has to work with operator symbols.
However, we remain here in terms of the operators, hoping that our manipulations have a
clear sense and do not need to be confirmed on the symbol language. First, we replace the
operator Ωˆ under the sign of the limit by another one Ωˆ′ = Ωˆ + ∆ˆ ,
∆ˆ = bdiag
(
δˆ
∣∣∣x0=τ
ζ=1
,− δˆ
∣∣∣x0=−τ
ζ=−1
)
, δˆ =
√
g00γ0ξˆ
kλˆk + i
~
4
gjk∂0gjk , λˆk = −m~−1/2
[
yˆ, ξˆk
]
,
yˆ = ζˆ
[
qFkµe
µ
0 ξˆ
k − 1
2
[
ξˆb¯ω
b¯0
k g
kl, pˆl + Âl
]
+
,
1
(ωˆ20 −m2)
]
+
, Âk = qAk + iξˆa¯ξˆb¯ωb¯a¯k ,
since the classical limit of ∆ˆ is zero. Indeed, the leading contributions in ~ to the operator
∆ˆ result from terms that contain
(
ξˆk
)2
. In the classical limit such terms turn out to be
proportional to
(
ξk
)2
, which is zero due to the Grassmann nature of ξ’s . The square of the
operator Ωˆ′ in the classical limit corresponds to the square of the classical quantity ω|
x0=ζτ
.
Indeed,
(
Ωˆ′
)2
= bdiag
(
ωˆ2|x0=τ,ζ=1 , ωˆ2|x0=−τ,ζ=−1
)
, ωˆ2 = g00 (ωˆ
2
0 + ρˆ1 + ρˆ2) , where
9
ωˆ20 =
[
m2 − 1√− det gij
(
pˆk + Âk
)√− det gijgkl (pˆl + Âl)− ~2
4
R¯
]
I − iqFjl[ξˆj, ξˆl] ,
ρˆ1 =
1
2i
[
yˆ,
[
ξˆl
(
pˆl + Âl
)
, ωˆ0 −m
]
+
]
,
ρˆ2 =
m
2i
{([
ξˆl, yˆ
]
+
− [gkl, yˆ] ξˆk)(pˆl + Âl)+ gkl [pˆl + Âl, ξˆk] yˆ − gkl [(pˆl + Âl) yˆ, ξˆk]
+
}
+2i~−1/2
{
1
2
[
ξˆk, ξˆl
] [
λˆk, pˆl + Âl
]
+ ξˆk
[
λˆk, ξˆ
l
] (
pˆl + Âl
)
+ ξˆl
[
pˆl + Âl, ξˆk
]
λˆk
}
−
(
ξˆkλˆk
)2
,
where R¯ is scalar curvature related to the stationary metric g¯µν = gµν |x0=const, and the
following expression for ωˆ is used,
ωˆ =
√
g00
(
ωˆ0 + i
~
2
γk(x)γb¯ω
b¯0
k
)
=
√
g00ωˆ0 − i~
4
gjk∂0gjk , D¯k = ∂k +
1
4
γa¯γb¯ω
b¯a¯
k ,
ωˆ0 = γ0
[
m+ γk(x)
(−i~D¯k + qAk)] = γ0 [m− 2i~−1/2ξˆk (pˆk + Âk)] .
In the classical limit ωˆ20 → ω20, ρˆ1 → ρ, ρˆ2 → 0, (ρˆ2 does not contain terms without ~). Thus,
the classical limit of
(
Ωˆ′
)2
, and therefore
(
Ωˆ
)2
as well, is the classical quantity ω2|x0=ζτ .
The Hamiltonian (26) can be written in the following block-diagonal form
Hˆτ = bdiag
(
hˆ(τ),−hˆ(−τ)
)
, hˆ(x0) = qA0 − i~
4
γa¯γb¯ω
b¯a¯
0 + ωˆ . (27)
The τ -evolution of the state vectors is defined by the corresponding Schro¨dinger equa-
tion i~∂τΨ(τ) = HˆτΨ(τ), where the state vectors now depend parametrically on τ ,
Ψ(τ) = (Ψ+1(τ,x),Ψ−1(τ,x)). Similar to the flat space-time case [3], we may reformu-
late the evolution in terms of the physical time x0 = ζτ. The corresponding Schro¨dinger
equation has the form
i~∂0Ψ(x
0) = Hˆx0Ψ(x
0), Hˆx0 = bdiag
(
hˆ(x0) , hˆc(x0)
)
,
hˆc(x0) = γ2
(
hˆ(x0)
)∗
γ2 = hˆ(x0)
∣∣∣
q→−q
, Ψ(x0) = (Ψ(x),Ψc(x)) , (28)
where Ψ(x) = Ψ+1(x
0,x) and Ψc(x) = γ2Ψ∗−1(−x0,x) are Dirac bispinors. The inner product
of two states vectors in such a representation reads
(Ψ,Ψ′) = (Ψ,Ψ′)D +
(
Ψc,Ψc′
)
D
. (29)
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In accordance with the classical interpretation (see [3]) we regard ζˆ as the charge sign
operator. Let Ψζ be states with a definite charge, thus, ζˆΨζ = ζΨζ , ζ = ±1 . The states
Ψ+1 have Ψ
c = 0. Then (28) is reduced to the Dirac equation in curved space-time for the
spinor field Ψ(x) of the charge q,
[γµ (i~Dµ − qAµ)−m] Ψ(x) = 0, Dµ = ∂µ + 1
4
γaγbω
ba
µ . (30)
States Ψ−1 have Ψ = 0. Then (28) is reduced to the Dirac equation in curved space-time
for the spinor field Ψc(x) of the charge -q,
[γµ (i~Dµ + qAµ)−m] Ψc(x) = 0. (31)
The Hamiltonian hˆ(x0) can be considered as a one-particle Dirac Hamiltonian in the case
under consideration for the charge q.
Let us restrict ourselves to those backgrounds that do not create particles from the
vacuum. For such backgrounds the one-particle sector of the corresponding QFT can be
consistently defined, see the corresponding discussion in [3] and some remarks at the end.
Consider for simplicity, the eigenvalue problem hˆΨ(x) = ǫΨ(x) for the Dirac Hamiltonian
in a time-independent external background (in fact, hˆ(x0) does not depend on x0 in such a
case, thus, hˆ(x0) = hˆ) . Presenting the spinor Ψ in the form
Ψ(x) =
[
g
−1/2
00 γ
0
(
ǫ− qA0 + i~
4
γaγbω
ba
0
)
+ γk (i~Dk − qAk) +m
]
ϕ(x) .
we get for ϕ(x) the corresponding squared Dirac equation,[
g00
(
ǫ− qA0 + i~
4
γaγbω
ba
0
)2
−D
]
ϕ(x) = 0 ,
D = m2 − ~
2
4
R− 1√−g (i~Dk − qAk)
√−ggkl (i~Dl − qAl) + i~
4
qFµν [γ
µ, γν ]− , (32)
where R is the scalar curvature. We can see that a pair (ϕ, ǫ) is a solution of the equation
(32) if it obeys either the equation ǫ = qA0 − i~4γaγbωba0 +
√
ϕ−1g00Dϕ , or the equation
ǫ = qA0− i~4γaγbωba0 −
√
ϕ−1g00Dϕ . Let us denote via (ϕ+,n, ǫ+,n) the solutions of the first
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equation, and via (ϕ−,n, ǫ−,n) the solutions of the second equation, where n are quantum
numbers. Thus, the eigenvalue problem has the solutions
ǫ+,n = qA0 − i~
4
γaγbω
ba
0 +
√
ϕ−1+,ng00Dϕ+,n, ǫ−,α = qA0 − i
~
4
γaγbω
ba
0 −
√
ϕ−1−,αg00Dϕ−,α,
and
Ψ+,n(x) =
[
g
−1/2
00 γ
0
(
ǫ+,n − qA0 + i~
4
γaγbω
ba
0
)
+ γk (i~Dk − qAk) +m
]
ϕ+,n(x) ,
Ψ−,n(x) =
[
g
−1/2
00 γ
0
(
ǫ−,n − qA0 + i~
4
γaγbω
ba
0
)
+ γk (i~Dk − qAk) +m
]
ϕ−,n(x) , (33)
Since ǫ+,n > ǫ−,α , we call ǫ+,n the upper branch and ǫ−,α the lower branch of the energy
spectrum. The square norm of the eigenvectors Ψκ,n is always positive, all the eigenvectors
are mutually orthogonal and can thus be orthonormalized as follows,
(Ψκ,n,Ψκ′,n′)D = δκ,κ′δn,n′, κ = ± . (34)
A solution of the eigenvalue problem hˆcΨc = ǫΨc for the charge conjugated Hamiltonian can
be analyzed in a similar manner. Here we get the set
(
ǫc
κ,n,Ψ
c
κ,n
)
,
Ψc
κ,n = γ
2Ψ∗−κ,n , ǫ
c
κ,n = −ǫ−κ,n ,
(
Ψc
κ,n,Ψ
c
κ′,n′
)
= δκ,κ′δn,n′, κ = ± . (35)
¿From this point on, we can repeat all the arguments from [3] and construct a consistent
relativistic quantum mechanics in Hilbert space without an indefinite metric, which is a
reduction of the space R to its physical subspace. The latter can be defined as a linear
envelope of vectors of the form
Ψ+,n =
 ψ+,n(x)
0
 , Ψc+,α =
 0
ψc+,α(x)
 .
In such a Hilbert space the operator Ωˆ has a positively defined spectrum and the Hamiltonian
Hˆx0 has the right spectrum of particle and antiparticle energies in the background under
consideration, which coincides with the spectrum of particles and antiparticles in the one-
particle sector of the corresponding QFT.
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V. SOME REMARKS
Returning to our choice of the quantum Hamiltonian (in fact, of the operator Ωˆ from
(26)), one has to stress that the classical theory gives enough information to resolve the
ordering problem in an unique way. The operator ordering and the nonclassical parts of
the operator Ωˆ were chosen to maintain the invariance of the quantum theory under general
coordinate transformations and under U (1) transformations of the electromagnetic back-
ground. In particular, such a choice provides the invariance of the inner product (24) under
general coordinate transformations as well as under the choice of the space-like hypersurface
where the inner product is defined. One can also see that Ωˆ is positive defined in the Hilbert
space constructed. The positivity condition helps to fix an ambiguity in the definition of Ωˆ
as well.
We recall that a one-particle sector of QFT (as well as any sector with a definite particle
number) may be defined in an unique way for all time instants only in external backgrounds
which do not create particles from the vacuum . Nonsingular time independent external
backgrounds are important examples of the above backgrounds. That is why we have pre-
sented the detailed discussion for such kinds of backgrounds to simplify our analyses. A
generalization to arbitrary backgrounds, in which the vacuum remains stable, may be done
in a similar manner. In backgrounds that violate the vacuum stability, a more compli-
cated multi-particle interpretation of the constructed quantum mechanics, which establishes
a connection to the QFT, is also possible.
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